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2 MODULI OF FRAMED SHEAVES ON PROJECTIVE SURFACES
1. Introdution
There has been reently some interest in the moduli spaes of framed sheaves. One
reason is that they are often smooth and provide desingularizations of the moduli spaes
of ideal instantons, whih in turn are singular [17, 19, 18℄. For this reason, their equivari-
ant ohomology under suitable tori ations is relevant to the omputation of partition
funtions, and more generally expetation values of quantum observables in topologial
quantum eld theory [20, 2, 19, 6, 3℄. On the other hand, these moduli spaes an be re-
garded as higher-rank generalizations of Hilbert shemes of points, and as suh they have
interesting onnetions with integrable systems [12, 1℄, representation theory [26℄, et.
While it is widely assumed that suh moduli spaes exist and are well behaved, an expliit
analysis, showing that they are quasi-projetive shemes and are ne moduli spaes, is
missing in the literature. In the present paper we provide suh a onstrution for the
ase of framed sheaves on smooth projetive surfaes, under some mild onditions. We
show that if D is a big and nef urve in a smooth projetive surfae X , there is a ne
quasi-projetive moduli spae for sheaves that have a good framing on D (Theorem 3.1).
The point here is that the sheaves under onsideration are not assumed a priori to be
semistable, and the basi idea is to show that there exists a stability ondition making
all of them stable, so that our moduli spae is an open subsheme of the moduli spae of
stable pairs in the sense of Huybrehts and Lehn.
In the papers [21, 22℄ T. Nevins onstruted a sheme struture for these moduli spaes,
however we provide a ner analysis, showing that these shemes are quasi-projetive, and
in partiular are separated and of nite type. Moreover we ompute the obstrution to
the smoothness of these moduli spaes (Theorem 4.3). In fat, the tangent spae is well
known, but we provide a more preise desription of the obstrution spae than the one
given by Lehn [14℄. We show that it lies in the kernel of the trae map, thus extending a
previous result of Lübke [15℄ to the non-loally free ase.
In some ases there is another way to give the moduli spaes M(r, c, n) a struture of
algebrai variety, i.e., by using ADHM data. This was done for vetor bundles on P2 by
Donaldson [5℄, while (always in the loally free ase) the ase of the blow-up of P2 at a
point is studied in A. King's thesis [13℄, and P2 blown-up at an arbitrary number of points
was analyzed by Buhdahl [4℄. The general ase (i.e., inluding torsion-free sheaves) is
studied by C. Rava for Hirzebruh surfaes [24℄ and A.A. Henni for multiple blow-ups of
P2 at distint points [7℄. The equivalene between the two approahes follows from the
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fat that in both ases one has ne moduli spaes. On the ADHM side, this is shown by
onstruting a universal monad on the moduli spae [23, 7, 25℄.
In the nal setion we disuss some examples. i.e., framed bundles on Hirzebruh surfaes
with minimal invariants", and rank 2 framed bundles on the blowup of P2 at one point.
In the present artile, all the shemes we onsider are separated and are of nite type
over C, and a variety is a redued irreduible sheme of nite type over C. A sheaf is
always oherent, the term (semi)stable always means µ-(semi)stable, and the prex µ-
will be omitted. Framed sheaves are always assumed to be torsion-free.
2. Framed sheaves
Let us haraterize the objets that we shall study.
Denition 2.1. Let X be a smooth projetive variety over C, D ⊂ X an eetive divisor,
and ED a sheaf on D. We say that a sheaf E on X is (D, ED)-framable if E is torsion-free
and there is an isomorphism E|D
∼
→ ED. An isomorphism φ : E|D
∼
→ ED will be alled a
(D, ED)-framing of E . A framed sheaf is a pair (E , φ) onsisting of a (D, ED)-framable
sheaf E and a framing φ. Two framed sheaves (E , φ) and (E ′, φ′) are isomorphi if there is
an isomorphism f : E → E ′ suh that φ′ ◦ f|D = φ.
Let us remark that our notion of framing is the same as the one used in [14, 22, 21℄, but
is more restritive than that of [9℄, where a framing is any homomorphism E → ED, not
neessarily fatoring through an isomorphism E|D
∼
→ ED.
Our strategy to show that framed sheaves make up good moduli spaes will onsist in
proving that, under some onditions, the pairs (E , φ) are stable aording to a notion of
stability introdued by Huybrehts and Lehn [8, 9℄. The denition of stability for framed
sheaves depends on the hoie of a polarizationH onX and a positive real number δ (in our
notation, δ is the leading oeient of the polynomial δ in the denition of (semi)stability
in [9℄).
Denition 2.2 ([8, 9℄). A pair (E , φ) onsisting of a torsion-free sheaf E and its framing
φ : E|D
∼
→ ED is said to be (H, δ)-stable, if for any subsheaf G ⊂ E with 0 < rkG < rk E ,
the following inequalities hold:
(1)
c1(G) ·H
rk(G)
<
c1(E) ·H − δ
rk(E)
when G is ontained in the kernel of the omposition
E → E|D
φ
−−→∼ ED;
4 MODULI OF FRAMED SHEAVES ON PROJECTIVE SURFACES
(2)
c1(G) ·H − δ
rk(G)
<
c1(E) ·H − δ
rk(E)
otherwise.
Remark, that aording to this denition, any rank-1 framed sheaf is (H, δ)-stable for
any ample H and any δ > 0.
We shall need the notion of a family of suh objets. A family of (D, ED)-framed sheaves
on X parametrized by a sheme S of nite type is a pair (G,φ) whih satises the following
onditions:
(1) G is a sheaf on X × S at over S;
(2) φ is a (D × S, pr1∗ ED)-framing for G.
For any sheaf F on X , PHF denotes the Hilbert polynomial P
H
F (k) = χ(F ⊗OX(kH)).
For a non-torsion sheaf F on X , µH denotes the slope of F : µH(F) = c1(F)·H
n−1
rkF .
Theorem 2.3 ([8, 9℄). Let X be a smooth projetive variety, H an ample divisor on X
and δ a positive real number. Let D ⊂ X be an eetive divisor, and ED a sheaf on D.
Then there exists a ne moduli spae M = MHX(P ) of (H, δ)-stable (D, ED)-framed sheaves
(E , φ) with xed Hilbert polynomial P = PHE , and this moduli spae is a quasi-projetive
sheme.
Sine we are using slope stability, and a more restritive denition of framing with respet
to that of [8, 9℄, our moduli spae M
H
X(P ) is atually an open subsheme of the moduli
spae onstruted by Huybrehts and Lehn.
The adjetive ne means the existene of a universal framed sheaf in the following
sense: there is a (D × M, pr1∗ ED)-framed sheaf (U ,ψ) on X × M, at over M, with
the property that for every family (G,φ) of (D, ED)-framed sheaves on X parametrized
by a sheme of nite type S over C, there exist a unique morphism g : S → M and an
isomorphism of sheaves α : G−→∼ (id×g)∗U suh that (id×g)∗ψ ◦α|D×S = φ.
Another general result on framed sheaves we shall need is a boundedness theorem due
to M. Lehn. Given X,D, ED as above, a set M of (D, ED)-framed pairs (E , φ) is bounded
is there exists a sheme of nite type S over C together with a family (G,φ) of (D, ED)-
framed pairs over S suh that for any (E , φ) ∈ M, there exist s ∈ S and an isomorphism
αs : Gs−→∼ E suh that φs = φ ◦ αs|D×s.
Denition 2.4. Let X be a smooth projetive variety. An eetive divisor D on X is
alled a good framing divisor if we an write D =
∑
niDi, where Di are prime divisors
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and ni > 0, and there exists a nef and big divisor of the form
∑
aiDi with ai ≥ 0. For a
sheaf ED on D, we shall say that ED is a good framing sheaf, if it is loally free and there
exists a real number A0, 0 ≤ A0 <
1
r
D2, suh that for any loally free subsheaf F ⊂ ED of
onstant positive rank,
1
rkF deg c1(F) ≤
1
rkED
deg c1(ED) + A0.
Theorem 2.5. Let X be a smooth projetive variety of dimension n ≥ 2, H an ample
divisor on X, D ⊂ X an eetive divisor, and ED a vetor bundle on D. Assume that D
is a good framing divisor. Then for every polynomial P with oeients in Q, the set of
torsion-free shaves E on X that satisfy the onditions PHE = P and E|D ≃ ED is bounded.
This is proved in [14℄, Theorem 3.2.4, for loally free sheaves, but the proof goes through
also in the torsion-free ase, provided that ED is loally free, as we are assuming.
3. Quasi-projetive moduli spaes
Using the notions introdued in the previous setion, we now an state the main existene
result for quasi-projetive moduli spaes:
Theorem 3.1. Let X be a smooth projetive surfae, D ⊂ X a big and nef urve, and
ED a good framing sheaf on D. Then for any c ∈ H∗(X,Q), there exists an ample divisor
H on X and a real number δ > 0 suh that all the (D, ED)-framed sheaves E on X with
Chern harater ch(E) = c are (H, δ)-stable, so that there exists a quasi-projetive sheme
MX(c) whih is a ne moduli spae for these framed sheaves.
Proof. Let us x an ample divisor C on X . Set OX(k) = OX(kC) and E(k) = E ⊗ OX(k)
for any sheaf E on X and for any k ∈ Z. Reall that the Castelnuovo-Mumford regularity
ρ(E) of a sheaf E on X is the minimal integer m suh that hi(X, E(m− i)) = 0 for all i > 0.
Aording to Lehn's Theorem (Theorem 2.5), the familyM of all the sheaves E on X with
ch(E) = c and E|D ≃ ED is bounded. Hene ρ(E) is uniformly bounded over all E ∈ M.
By Grothendiek's Lemma (Lemma 1.7.9 in [10℄), there exists A1 ≥ 0, depending only on
ED, c and C, suh that µC(F) ≤ µC(E) +A1 for all E ∈ M and for all nonzero subsheaves
F ⊂ E .
For n > 0, denote by Hn the ample divisor C + nD. We shall verify that there exists a
positive integer n suh that the range of positive real numbers δ, for whih all the framed
sheaves E from M are (Hn, δ)-stable, is nonempty.
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Let F ⊂ E , 0 < r′ = rkF < r = rk E . Assume rst that F 6⊂ ker
(
E → E|D
)
. Then the
(Hn, δ)-stability ondition for E reads:
(1) µHn(F) < µHn(E) +
(
1
r′
−
1
r
)
δ.
Saturating F , we make µHn(F) bigger, so we may assume that F is a saturated subsheaf
of E , and hene that it is loally free. Then F|D ⊂ E|D and we have:
(2) µHn(F) =
n
r′
deg c1(F|D) + µ
C(F) ≤ µHn(E) + nA0 + A1.
Thus we see that (2) implies (1) whenever
(3)
rr′
r − r′
(nA0 + A1) < δ.
Assume now that F is a saturated, and hene loally free subsheaf of ker
(
E → E|D
)
≃
E(−D). Then the (Hn, δ)-stability ondition for E is
(4) µHn(F) < µHn(E)−
1
r
δ,
and the inlusion F(D) ⊂ E yields:
(5) µHn(F) < µHn(E)−HnD + nA0 + A1 = µ
Hn(E)− (D2 − A0)n + A1 −DC.
We see that (5) implies (4) whenever
(6) δ < r[(D2 − A0)n−A1 +DC].
The inequalities (3), (6) for all r′ = 1, . . . , r − 1 have a nonempty interval of ommon
solutions δ if
n > max
{
rA1 − CD
D2 − rA0
, 0
}
.

Remark that up to isomorphism, the quasi-projetive struture making MX(c) a ne
moduli spae is unique, whih follows from the existene of a universal family of framed
sheaves over it.
If D is a smooth and irreduible urve and D2 > 0, then our denition of a good framing
sheaf with A0 = 0 is just the denition of semistability. The following is thus an immediate
onsequene of the theorem:
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Corollary 3.2. Let X be a smooth projetive surfae, D ⊂ X a smooth, irreduible, big
and nef urve, and ED a semistable vetor bundle on D. Then for any c ∈ H∗(X,Q), there
exists a quasi-projetive sheme MX(c) whih is a ne moduli spae of (D, ED)-framed
sheaves on X with Chern harater c.
4. Infinitesimal study
Let X be a smooth projetive variety, D an eetive divisor on X , ED a vetor bundle
on D. We shall onsider sheaves E on X framed to ED on D. We reall the notion of a
simplifying framing bundle introdued by Lehn.
Denition 4.1. ED is simplifying if for any two vetor bundles E , E ′ on X suh that
E|D ≃ E
′
|D ≃ ED, the group H
0(X,Hom(E , E ′)(−D)) vanishes.
An easy suient ondition for ED to be simplifying isH0(D, End(ED)⊗OX(−kD)|D) = 0
for all k > 0.
Lehn [14℄ proved that if D is good and ED is simplifying, there exists a ne moduli spae
M of (D, ED)-framed vetor bundles on X in the ategory of separated algebrai spaes.
Lübke [15℄ proved a similar result: if X is a ompat omplex manifold, D a smooth
hypersurfae (not neessarily good) and if ED is simplifying, then the moduli spae M
of (D, ED)-framed vetor bundles exists as a Hausdor omplex spae. In both ases the
tangent spae T[E]M at a point representing the isomorphism lass of a framed bundle E
is naturally identied with H1(X, End(E)(−D)), and the moduli spae is smooth at [E ] if
H2(X, End(E)(−D)) = 0. Lübke gives a more preise statement about smoothness: [E ]
is a smooth point of M if H2(X, End0(E)(−D)) = 0, where End0 denotes the traeless
endomorphisms. Huybrehts and Lehn in [8℄ dene the tangent spae and give a smooth-
ness riterion for the moduli spae of stable pairs that are more general objets than our
framed sheaves. In this setion, we adapt Lübke's riterion to our moduli spae MX(c),
parametrizing not only vetor bundles, but also some non-loally-free sheaves. When we
work with stable framed sheaves, we do not need the assumption that ED is simplifying.
We shall use the notions of the trae map and traeless exts, see Denition 10.1.4 from
[10℄. Assuming X is a smooth algebrai variety, F any (oherent) sheaf on it, and N a
loally free sheaf (of nite rank), the trae map is dened
(7) tr : Exti(F ,F ⊗N )→ H i(X,N ) , i ∈ Z,
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and the traeless part of the ext-group, denoted by Exti(F ,F ⊗N )0, is the kernel of this
map.
We shall need the following property of the trae:
Lemma 4.2. Let 0 −→ F
α
−→ G
β
−→ E −→ 0 be an exat triple of sheaves and N a loally free
sheaf. Then there are two long exat sequenes of ext-funtors giving rise to the natural
maps
µi : Ext
i(F , E ⊗N )→ Exti+1(E , E ⊗ N ) ,
τi : Ext
i(F , E ⊗ N )→ Exti+1(F ,F ⊗N ) ,
and we have tr ◦ µi = −(1)itr ◦ τi as maps Ext
i(F , E ⊗ N )→ H i+1(X,N ).
Proof. This is a partiular ase of the graded ommutativity of the trae with respet
to up-produts on Homs in the the derived ategory (see Setion V.3.8 in [11℄): if ξ ∈
Hom(F , E ⊗N [i]), η ∈ Hom(E ,F [j]), then tr (ξ ◦ η) = (−1)ijtr ((η⊗ idN ) ◦ ξ). This should
be applied to ξ ∈ Hom(F , E ⊗N [i]) and η = ∂ ∈ Hom(E ,F [1]), where ∂ is the onneting
homomorphism in the distinguished triangle assoiated to the given exat triple:
E [−1]
−∂
−→ F
α
−→ G
β
−→ E
∂
−→ F [1].

Theorem 4.3. Let X be a smooth projetive surfae, D ⊂ X an eetive divisor, ED a
loally free sheaf on D, and c ∈ H∗(X,Q) the Chern harater of a (D, ED)-framed sheaf
E on X. Assume that there exists an ample divisor H on X and a positive real number
δ suh that E is (H, δ)-stable, and denote by MX(c) the moduli spae of (D, ED)-framed
sheaves on X with Chern harater c whih are (H, δ)-stable. Then the tangent spae to
MX(c) is given by
T[E]MX(c) = Ext
1(E , E ⊗OX(−D)),
and MX(c) is smooth at [E ] if the traeless ext-group
Ext2(E , E ⊗ OX(−D))0 = ker
[
tr : Ext2(E , E ⊗ OX(−D))→ H
2(X,O(−D))
]
vanishes.
Proof. We prove this result by a ombination of arguments of Huybrehts-Lehn and Mukai,
so we just give a sketh, referring to [8, 16℄ for details. As in Setion 4.iv) of [8℄, the
smoothness of M = MX(c) follows from the T
1
-lifting property for the omplex E → ED.
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Let An = k[t]/(t
n+1), Xn = X × SpecAn, Dn = D × SpecAn, EDn = ED ⊠ An, and let
En
αn−→ EDn be an An-at lifting of E → ED to Xn. Then the innitesimal deformations
of αn over k[ǫ]/(ǫ
2) are lassied by the hyper-ext Ext1(En, En
αn−→ EDn), and one says that
the T 1-lifting property is veried for E → ED if all the natural maps
T 1n : Ext
1(En, En
αn−→ EDn)→ Ext
1(En−1, En−1
αn−1
−−−→ EDn−1)
are surjetive whenever (En, αn) ≡ (En−1, αn−1) mod (t
n). In lo. it., the authors remark
that there is an obstrution map ob on the target of T 1n whih embeds the okernel of T
1
n
into Ext2(E , E → ED), so that if the latter vanishes, the T 1-lifting property holds.
In our ase, E is loally free along D, so the omplex E → ED is quasi-isomorphi to
E(−D) and Exti(E , E → ED) = Ext
i(E , E(−D)). It remains to prove that the image of
ob is ontained in the traeless part of Ext2(E , E(−D)). This is done by a modiation of
Mukai's proof in the non-framed ase.
First we assume that E is loally free. Then the elements of Ext1(En−1, En−1(−Dn−1))
an be given by eh 1-oyles with values in End(En−1)(−Dn−1) for some open
overing of X , and the image of suh a 1-oyle (aij) under the obstrution map
Ext1(En−1, En−1(−Dn−1)) → Ext
2(E , E(−D)) is a eh 2-oyle (cijk) with values in
End(E)(−D). A diret alulation shows that (tr cijk) is a eh 2-oyle with values
in OX(−D) whih is the obstrution to the lifting of the innitesimal deformation of the
framed line bundle det En−1 from An−1 to An. As we know that the moduli spae of line
bundles, whether framed or not, is smooth, this obstrution vanishes, so the oyle (tr cijk)
is ohomologous to 0.
Now onsider the ase when E is not loally free. Replaing E , ED by their twists E(n),
ED(n) for some n > 0, we may assume that H i(X, E) = H i(X, E(−D)) = 0 for i = 1, 2 and
that E is generated by global setions. Then we get the exat triple of framed sheaves
0→ (G, γ)→ (H0(X, E)⊗OX , β)→ (E , α)→ 0,
where G is loally free (at this point it is essential that dimX = 2 and X is smooth). Then
we verify the T 1-lifting property for the exat triples
0→ (Gn, γn)→ (O
N
Xn
, βn)→ (En, αn)→ 0.
The innitesimal deformations of suh exat triples are lassied by Hom(Gn, En(−Dn)),
and the obstrutions lie in Ext1(G, E(−D)). We have two onneting homomorphisms
µ1 : Ext
1(G, E(−D) → Ext2(E , E(−D)) and τ1 : Ext
1(G, E(−D) → Ext2(G,G(−D)). Our
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hypotheses on E imply that: 1) every innitesimal deformation of (En, αn) lifts to that
of the triple, and 2) µ1 is an isomorphism, that is, the innitesimal deformation of En is
unobstruted if and only if that of the triple is. By Lemma 4.2, tr (µ1(ξ)) = −tr (τ1(ξ))
in H2(X,OX(−D)). As in 1.10 of [16℄, τ1(ξ) is the obstrution ob(Gn−1, γn−1) to lifting
(Gn−1, γn−1) fromAn−1 to An. AsGn−1 is loally free, we an use the eh oyles as above
and see that tr (τ1(ξ)) ∈ H2(X,OX(−D)) is the obstrution to lifting (detGn−1, det γn−1),
hene it is zero and we are done. 
The following Corollary desribes a situation where the moduli spae MX(c) is smooth
(hene, every onneted omponent is a smooth quasi-projetive variety).
Corollary 4.4. In addition to the hypothesis of Theorem 4.3, let us assume that D is
irreduible, that (KX +D) · D < 0, and hoose a trivial bundle as framing bundle. Then
the moduli spae MX(c) is smooth.
This happens for instane when X is a Hirzebruh surfae, or the blow-up of P2 at a
number of distint points, taking for D the inverse image of a generi line in P2 via the
birational morphism X → P2. In this ase one an also ompute the dimension of the
moduli spae, obtaining dimMX(c) = 2rn, with r = rk(E) and
c2(E)−
r − 1
2r
c1(E)
2 = n̟,
where ̟ is the fundamental lass of X . When X is the p-th Hirzebruh surfae Fp we shall
denote this moduli spae by M
p(r, k, n) if c1(E) = kC, where C is the unique urve in Fp
having negative self-intersetion.
The next example shows that the moduli spae may be nonsingular even if the group
Ext2(E , E ⊗ OX(−D)) does not vanish.
Example 4.5. For r = 1 the moduli spae M(1, 0, n) is isomorphi to the Hilbert sheme
X
[n]
0 parametrizing length n 0-yles in X0 = X \D. Of ourse this spae is a smooth quasi-
projetive variety of dimension 2n. Indeed in this ase the trae morphism Ext2(E , E ⊗
OX(−D))→ H
2(X,O(−D)) is an isomorphism.
5. Examples
5.1. Bundles with small invariants on Hirzebruh surfaes. Let X be the p-th
Hirzebruh surfae Fp, and normalize the Chern harater so that 0 ≤ k ≤ r − 1. It has
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been shown in [3℄ that the moduli spae M
p(r, k, n) is nonempty if and only if the bound
n ≥ N =
pk
2r
(r − k)
is satised. The moduli spaes M
p(r, k, N) an be expliitly haraterized: Mp(r, k, N)
is a rank k(r − k)(p − 1) vetor bundle on the Grassmannian G(k, r) of k-planes in Cr
[25℄; in partiular, M
1(r, k, N) ≃ G(k, r), and M2(r, k, N) is isomorphi to the tangent
bundle of G(k, r). This is onsistent with instanton ounting, whih shows that the spaes
M
p(r, k, N) have the same Betti numbers as G(k, r) [3℄.
5.2. Rank 2 vetor bundles on F1. We study in some detail the moduli spaes
M
1(2, k, n). As the analyses in [27℄ and [28℄ show, the non-loally free ase turns out
to be very ompliated as soon as the value of n exeeds the rank. So we onsider only
loally free sheaves. To simplify notation we all this moduli spae Mˆ(k, n), where n de-
notes now the seond Chern lass. We normalize k so that it will assume only the values
0 and −1. Moreover we shall denote by M(n) the moduli spae of rank 2 bundles on P2,
with seond Chern lass n, that are framed on the line at innity ℓ∞ ⊂ P
2
(whih we
identify with the image of D via the blow-down morphism π : F1 → P2).
Let us start with the ase k = −1. We introdue a stratiation on Mˆ(−1, n) aording
to the splitting type of the bundles it parametrizes on the exeptional line E ⊂ F1
Mˆ(−1, n) = Z0(−1, n) ⊃ Z1(−1, n) ⊃ Z2(−1, n) ⊃ . . .
dened as follows: if Z0k(−1, n) = Zk(−1, n) \ Zk+1(−1, n) then
Z0k(−1, n) = {E ∈ Mˆ(−1, n) | E|E ≃ OE(−k)⊕OE(k + 1)} .
Proposition 5.1. There is a map
F1 : Mˆ(−1, n)→
n∐
k=0
M(n− k)
whih restrited to the subset Z0k(−1, n) yields a morphism
Z0k(−1, n)→M(n− k)
whose bre is an open set in Hom(σ∗E|E,OE(k))/C∗ ≃ P2k+1, made by k-linear forms that
have no ommon zeroes on the exeptional line.
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Proof. We start by onsidering Z00 (−1, n). The morphism Z
0
0 (−1, n) → M(n) is given by
E1 7→ E = (π∗E)∗∗. The bre of this morphism inludes a P1. To show that this is indeed
a P1-bration we need to hek that E1 has no other deformations than those oming from
the hoie of a point in M(n) and a point in this P1. This follows from the equalities
dimExt1(E1, E1(−E)) = dimExt
1(E , E(−ℓ∞) + 1
Ext2(E1, E1(−E)) = 0
Note that this result is ompatible with the isomorphism M
1(r, k, N) ≃ G(k, r) mentioned
in Setion 5.1.
In general, if E1 ∈ Z0k(−1, n) with k ≥ 1, so that E1|E ≃ OE(k+1)⊕OE(−k), the diret
image π∗(E1(kE)) is loally free. This denes the morphism Z0k(−1, n)→ M(n− k). 
We onsider now the ase k = 0. One has Z00(0, n) ≃ M(n). We study the other strata
by reduing to the odd ase. f E1 ∈ Z0k(0, n), there is a unique surjetion α : E1 → OE(−k);
let F be the kernel. Restriting 0→ F → E1 → OE(−k)→ 0 we get an exat sequene
0→ OE(1− k)→ F|E → OE(k)→ 0
so that
F|E ≃ OE(a+ 1)⊕OE(−a) with − k ≤ a ≤ k − 1.
A detailed analysis shows that a = k − 1. As a result we have:
Proposition 5.2. For all k ≥ 1 there is a morphism
Z0k(0, n)→ M(n− 2k + 1)
whose bres have dimension 2k − 1.
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